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Abstract
We consider the transport of passive admixture in locally homogeneous isotropic
reflectionally noninvariant turbulence of incompressible fluid. It is shown that
anomalous convective flow appears which direction does not coincide with that of a
mean flow.
1 Introduction
There are many papers devoted to the study of passive admixture transport in a turbulent
medium (see, e.g., [1, 2, 3]). The interest to this problem is explained by its importance
and deep theoretical tasks connected with its solution. To solve the problem it is necessary
to advance in understanding the problems connected with the turbulence.
The theory of the transport in a homogeneous and isotropic turbulence has been
developed best of all. This is explained by the success in understanding this type of the
turbulence. One of the first results, which is already classical now, is Richardson law [4]
(4/3 power), which determines the relative diffusion coefficient in Kolmogorov turbulence
[5]. The appearance of new ideas, connected with fractal nature of dissipation zones [6–8]
leads to the generalization of the Richardson law [9,10].
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Recently, the methods of the field theory were intensively applied to the calculation
of anomalous transport coefficients in homogeneous isotropic turbulence. The renormal-
ization group method seems to be most effective [11, 12].
In general, turbulent transport is determined by two principally different effects. First
of all, this is a diffusion extension of an admixture ”cloud”. Such an extension is due to the
appearance of the diffusion flow ~JD = −DT∇〈C〉, where 〈C〉 is the mean concentration of
the passive admixture. The coefficient DT of concentration gradient (in general case it is
a tensor) is the turbulent diffusion coefficient. It determines quantitative characteristics
of the extension of the passive admixture cloud.
The transport of the cloud as a whole with changing its center position is determined
by the convective flow ~Je = ~V 〈C〉, where ~V is the transport velocity which determines
the value and the direction of the convective flow of passive admixture.
In a homogeneous isotropic turbulence there is no convective flow, and the evolution of
a passive scalar is determined by the diffusion flow only. A lot of papers is devoted to the
calculation of turbulent diffusion coefficients just for this case (see, e.g., [2, 3, 13–15]. The
case of a locally homogeneous isotropic turbulence with 〈~V 〉 = const, actually, is reduced
to the previous case when one passes to a reference frame moving with the velocity 〈~V 〉.
In this case the convective flow is trivial, ~Je = 〈~V 〉〈C〉, and the transport of the cloud as
whole is determined by the value and the direction of 〈~V 〉.
More interesting and nontrivial effects in the convective transport should be expected,
at least, in the case of a weak spatial dependence of 〈~V 〉. In this case there is no possibility
to pass to single reference frame moving with the velocity of the medium.
In our paper the main attention is devoted to nontrivial effects which determine the
convective flow of a passive admixture ”cloud”. Nevertheless, diffusion flows are also
studied.
As it is shown in our paper, a weak dependence of 〈~V 〉 on coordinates is not sufficient
for changing the convective flow. It is necessary to take into account more delicate proper-
ties of the turbulence. The property of helicity plays the principal role in the appearance
of nontrivial effects. The helical turbulence is one more type of the turbulence. This type
is characterized by the pseudoscalar 〈~V curl~V 〉 (helicity) which differs from zero. The
reflected symmetry is violated in the helical turbulence, this property being not restored
in the developed turbulence [16]. The reason for a substantial role of the helicity is due
to its topological nature (see, e.g., [17–19]). The non–zero value of the helicity implies
the linking of vortex lines of the velocity field, that is, a nontrivial topology of this field.
In the presence of helical turbulence a substantial reconstruction of classical instabil-
ities, e.g., convective instability [20], takes place. Probably, it is convective instability
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which the birth of typhoon is connected with [21].
In this paper the peculiarities of the passive admixture transport arising in reflec-
tionally noninvariant turbulence are discussed. The main attention is devoted to the
derivation of the equation for the average concentration and to the qualitative effects due
to helicity. It can be understood from the symmetric considerations, that in order for
new effects to be realized the additional factors besides helicity should exist, for example,
the inhomogeneous mean velocity of the medium. In some sense, this fact implies that
we approach closer to the problems of a more realistic turbulence.
Therefore, in this paper the transport in a turbulent medium with the mean velocity
depending on coordinates is considered. Turbulent fluctuations are assumed reflectionally
noninvariant and small–scale (comparatively to the scale of the mean flow).
With the use of multiscale formalism the equation is obtained which describes the evo-
lution of the average concentration of the passive admixture in this turbulent medium. In
this equation there are two anomalous terms describing turbulent diffusion and turbulent
convective transport, respectively. The turbulent diffusion coefficient and the anomalous
convective velocity depend on the mean velocity. The coefficient of turbulent diffusion
does not depend on helicity. The isotropic reflectionally invariant turbulence leads only
to the enhancing the diffusion flows. The role of the reflection noninvariance of the tur-
bulence is more radical, because new convective flows of admixture are formed in helical
turbulence. It is worthewhile note that the direction of new convective flows does not co-
incide with the direction of the mean velocity. In other words, the influence of nontrivial
topology of a turbulent velocity field manifests itself in changing the direction and the
value of the convective transport of a passive admixture cloud. This fact is discussed in
the paper in details.
The existence of such flows can be principal for understandings the admixture trans-
port in astrophysical and geophysical phenomena.
2 Average equation for the passive admixture
transport
Following conventional statement of problems concerning passive admixture transport in a
given turbulent field (so-called kinematic statement [18]), we take the transport equation
for a passive admixture as initial one in our approach:
∂C
∂t
+ ~V∇C = DM∇C, (1)
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where C(~x, t) is the density field of the passive admixture, DM is the molecular diffusivity,
~V (~x, t) is the incompressible velocity field, div~V = 0, which can be represented in the
form
~V = 〈~V 〉+ δ~V , (2)
where 〈~V 〉 is the velocity of the regular flow which is assumed to be a function of ~x, δ~V (~x, t)
is the turbulent velocity field, symbol 〈 〉 implies averaging over realizations of the stochas-
tic velocity field. Equation (1) can be written in a more fundamental form as a continuity
equation :
∂C
∂t
+ div ~J = 0 , (3)
where
~J = ~V C −DM∇C (4)
is the vector of the admixture flow.
The form of transport equation (3) and (4) is the most general and physically moti-
vated. This form allows us to differentiate the terms according to their physical meaning
in a correct way [22]. The first term in Eq.(4) describes the convective transport of an ad-
mixture, that is, an initial distribution of the admixture C(~x, t) is carried with the speed
~V (~x, t), while the second term in Eq.(4) describes the extension of the initial distribution
due to molecular diffusion.
Our task is to derive the equation for the average concentration 〈C〉. When doing it
we use natural physical assumption that characteristic space and time scales of turbulent
fluctuations are much smaller then the characteristic space and time scales of the average
quantities. This assumption allows us to use the asymptotic method of multiscale expan-
sion [23] in order to derive the average diffusion equation. We introduce ”slow” variables
~X, Ti, i = 1, 2, ... which characterize average quantities, together with ”fast” variables ~x, t,
which characterize small–scale turbulent fluctuations. ~x, t are connected with ~X, Ti as
~X = ε~x; Ti = ε
it , (5)
and
∂
∂~x
→
∂
∂~x
+ ε
∂
∂ ~X
∂
∂t
→
∂
∂t
+ ε
∂
∂T1
+ ε2
∂
∂T2
+ ... .
ε is a small parameter characterizing the ratio of scales of turbulent fluctuations and
the average flow. The introduction of the single space scale and the set of time scales
implies that we restrict our consideration by the processes on the space scale which are of
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the order of that of the mean flow, nevertheless, we want to follow the evolution of these
processes for a ”sufficiently long” time.
In multiscale formalism the solution of Eq.(1) (or Eq.(3) ) can be found in the form of
a function depending on fast and slow variables, which are assumed as independent. The
solution is found in the form of asymptotic expansion in powers of ε :
C = 〈C〉+ εC1 + ε
2C2 + ... , (6)
where 〈C〉 is the average concentration which depends only on slow variables ~X, Ti ;Ci, i =
1, 2, ... depend on both fast and slow variables. The next two equations in the hierarchy
are
O(ε) :
∂C1
∂t
+
∂〈C〉
∂T1
+ 〈~V 〉
∂C1
∂~x
+ δ~V
∂〈C〉
∂ ~X
+ 〈~V 〉
∂〈C〉
∂ ~X
+ δ~V
∂C1
∂~x
= DM
∂2C1
∂~x2
, (7)
O(ε2) :
∂C2
∂t
+
∂C1
∂T1
+
∂〈C〉
∂T2
+ 〈~V 〉
∂C2
∂~x
+ δ~V
∂c2
∂~x
+ 〈~V 〉
∂C1
∂ ~X
=
= 2DM
∂2C1
∂~x∂ ~X
+DM
∂2〈~V 〉
∂ ~X2
+DM
∂2C2
∂~x2
. (8)
For the mean concentration at zeroth order approximation the evolution equations at
slow times T1, T2 are obtained from Eqs. (7), (8) as the solvability conditions (secular
equation) :
∂〈C〉
∂T1
+ 〈~V 〉
∂〈C〉
∂ ~X
= 0 . (9)
∂〈C〉
∂T2
= DM
∂2〈C〉
∂ ~X2
− 〈~V
∂C1
∂ ~X
〉 . (10)
The equation for C1 obtained by subtracting Eq.(9) from Eq.(7). Then, we solve the
equation for C1 formally with using the Green’s function and insert the solution into
Eq.(10). Thus, we get
∂〈C〉
∂T2
= DM
∂2〈C〉
∂ ~X2
+
∂
∂X1
Πij
∂
∂Xj
〈C〉 . (11)
where
Πij =
∫
dt′
∫
d~x′〈GδVi(~x, t)δVj(~x
′, t′)〉 , (12)
and the Green’s function obeys an equation[
∂
∂t
+
(
〈~V 〉+ δ~V
) ∂
∂~x
−DM
∂2
∂~x2
]
G = δ(~x− ~x′)δ(t− t′) . (13)
Eq.(9) describes the evolution of 〈C〉 at the times of the order of ε−1 . It illustrates a
rather obvious fact that, if the mean velocity exists in turbulent flow, then the main effect
is the transport of an admixture cloud as a whole with this velocity. Eq.(11) describes
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the evolution of 〈C〉 at the times of the order of ε−2 . Thus, turbulent flows are essential
at the times of ε−2 .
In general case the tensor Πij can be decomposed as sum of symmetric Π
S
ij ≡ Dij
and antisymmetric ΠAij parts. Then, Eq.(11) can be written as
∂〈C〉
∂T2
+
∂
∂Xi
[
Wi〈C〉 −Dij
∂〈C〉
∂Xj
−DM
∂〈C〉
∂Xj
]
= 0 (14)
where Wi = ∂Π
A
ij/∂Xj , and the convective and the diffusion flows are separated.
Thus, we have demonstrated that the average transport equation at times of the
order of ε−2 contains two main turbulent effects, namely, the turbulent diffusion flow
−Dij∂〈C〉/∂Xj and the anomalous convective flow ~W 〈C〉 .
Turbulent diffusion leads to the extension of an admixture cloud, the characteristic
size of the cloud grows as a square root of the slow time. The convective flow ~W 〈C〉 leads
to the transport of the cloud as whole, the deviation of the coordinate of the cloud center
grows proportionally to time. This circumstance leads to the fact that at sufficiently
large times the effect of the anomalous convective flow will prevail over the effect of
the turbulent diffusion. In other words, the characteristic size of the diffusive extension
becomes smaller than the deviation of the cloud center due to the anomalous convective
flow.
3 Generalized helicity and anomalous convective flow
In this Section we show that the convective flow is non–zero for locally homogeneous
isotropic reflectionally noninvariant turbulence.
Usually in a kinematic statement of problems concerning passive admixture transport
one does not use an explicit form of velocity correlation tensor [18]. It is possible due to
simple representation of the tensors, which are invariant to certain space transformations
[3,4] (we mention alpha-effect in magnetic dynamo theory as a classic example). Let
us start with the case of homogeneous isotropic reflectionally noninvariant turbulence
δ~V (~x, t) . Due to the invariance of the statistical characteristics of the turbulence under
dilatations and rotations, the correlation tensor 〈δViδVj〉 in general case is a linear
combination of elementary tensors δij , rirj(~r = ~x−~x
′) and a pseudotensor εijlrl with the
coefficients depending on |~r| (it is also invariant under transformations mentioned above).
It is important to note that the coefficients at δij and rirj are scalars while the coefficient
at εijlrl is a pseudoscalar. This fact is a consequence of the invariance of 〈δViδVj〉 also
under the reflections of coordinate axes. Nevertheless, in spite of the fact that 〈δViδVj〉
is invariant under the reflections, the pseudoscalar in it is also the correlation moment of
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the velocity field. In this case it coincides with the helicity. This moment is noninvariant
under the reflections. The turbulence with nonzero correlation moments noninvariant
under the axes reflection can be naturally called reflectionally noninvariant. As a matter
of fact, this property extracting the pseudoscalar coefficient can be regarded as another
definition of the helicity.
Further on we shall be interested in the explicit form of the tensor Πij . Let us consider
the tensor 〈GδViδVj〉 in Πij . The stochastic field δ~V is homogeneous and isotropic as
before. However, the Green’s function G depends on the vector 〈~V 〉 , therefore, the gen-
eral form of the tensor 〈GδViδVj〉 is more comples than the tensors discussed previously.
This case is close to that of axisymmetric turbulence [24]. In other words, the number of el-
ementary tensors which determine the general form of 〈GδViδVj〉 grows.Writing all possi-
ble elementary tensors and pseudotensors, namely, δij, rirj , rl〈Vj〉 , 〈Vi〉〈Vj〉, εijlrl, εijl〈Vl〉
etc., see [24], with coefficients depending on |~r|,
∣∣∣〈~V 〉∣∣∣ and ~r · 〈~V 〉 (invariant combina-
tions of the vectors ~r and 〈~V 〉 ) we get a general form of the tensor 〈GδViδVj〉 . After
integration over space coordinates we get an expression for the tensor Πij :
Πij =
∫ ∞
0
dτ {Aiδij + A2〈Vi〉〈Vj〉+Hεijl〈Vl〉} , (15)
where A1, A2 are scalar functions of
∣∣∣〈~V 〉∣∣∣ , τ , while H is a pseudoscalar function.
The terms with A1, A2 are symmetric on indices i, j , and they determine the turbulent
diffusion, that is, the term Dij in Eq.(14). If the mean velocity is equal to zero, then
only the term with A1 retains in Eq.(15). If non–zero mean velocity exists, then the term
with A2 appears in the turbulent diffusion coefficient. This term describes the influence
of the mean velocity on the diffusion processes. However, the last term in Eq.(15) leads to
more radical consequences. This term is antisymmetric on indices i, j and, as it follows
from the consideration above, leads to an anomalous convective flow:
W1 =
∂DAij
∂Xj
= G1
(
∇
∣∣∣〈~V 〉∣∣∣× 〈~V 〉)
i
+G2curli〈~V 〉 , (16)
where
G1
(∣∣∣〈~V 〉∣∣∣) = ∫ ∞
0
dτ
∂
∂
∣∣∣〈~V 〉∣∣∣H
(∣∣∣〈~V 〉∣∣∣ , τ) , (17)
G2(|〈~V 〉|) =
∫ ∞
0
dτH(|〈~V 〉|, τ) . (18)
Let us turn to the physical meaning of the pseudoscalar H . The nonzero value of H
implies the existence of some correlation moments of the turbulent field δ~V such that
these moments change sign under the reflection of coordinate axes. Just these moments
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form the quantity H . In this sense H is a measure of reflection noninvariance of the
turbulence considered. Therefore, we call it generalized helicity because the ”ordinary”
helicity possesses the same property. Moreover, if we expand the Green’s function in the
orders of δ~V , then in the zero-order approximation H is proportional to the ordinary
helicity density.
Thus, the effect of anomalous convective transport appears in reflectionally noninvari-
ant turbulence, and the value of convective transport is determined by the generalized
helicity which, in part, is non–zero for the turbulence possessing an ordinary helicity.
An explicit expressions for the turbulent diffusion and the anomalous convective flow
can be obtained in various limit cases by solving the equation (13) for the Green’s func-
tion by different methods, e.g., the Green’s function of zeroth order approximation on
fluctuations serving as bare one; with using the assumption of the Gaussian character of
the velocity fluctuations and the Furutzu–Novikov formula; with the help of an expansion
in small Pecle numbers, etc. The simplest expressions can be obtained by neglecting ve-
locity fluctuations and molecular diffusion in Eq.(13) (it corresponds to the zeroth order
approximation of the diagram technique). Then the Green’s function takes the form
G = θ(t− t′)δ(x− x′ − 〈~V 〉(t− t′)) (19)
and Πij
Πij =
∫ t
0
δτ〈δViδVj〉〈~V 〉τ,τ (20)
Eq.(11) with Πij given by Eq.(20) has been obtained previously [26] with using as-
sumption that the turbulent velocity is a telegraph stochastic process. Eqs.(19), (20)
describe turbulent diffusion in homogeneous isotropic nad anisotropic turbulence as well.
Inserting two-point correlation tensor of homogeneous isotropic turbulence [3,4] into
Eq.(20) one can easily see that the generalized helicity is reduced to an ordinary one,
whereas in Eq.(16)-(18)
H
(∣∣∣〈~V 〉∣∣∣ , τ) → g (∣∣∣〈~V 〉∣∣∣ τ, τ)
where
g(0, 0) =
1
6
〈δ~V (~x, t) · curlδ~V (~x, t)〉
coincides (up to numerical factor) with the ”ordinary” helicity density.
The effect considered is the most interesting in the cases when the direction of the
anomalous convective flow is orthogonal to the direction of the flow 〈~V 〉〈C〉 :
1. The velocity gradient is perpendicular to the velocity direction. Such a situation is
rather frequent; the boundary layer of the atmosphere can be mentioned, when the
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wind velocity is parallel to the surface while the gradient of the velocity is perpen-
dicular to the surface. Then, the anomalous convective flow is directed ”sideways”,
that is, along the third coordinate parallel to the surface. It is interesting to note
the analogy of this effect and the effect previously described by us [25] : a particle
beam with an inhomogeneous velocity profile in an external stochastic helical field
generates a new particle flow in the transverse direction.
Therefore, in a homogeneous isotropic reflectionally noninvariant turbulence with
the gradient of the mean velocity the drift of an admixture in the direction perpen-
dicular to the wind direction arises along with the diffusive extension.
2. The mean flow 〈~V 〉 is a large–scale plane vortex. Such vortices appear, for exam-
ple, when a wind flows around an obstacle. In this case the anomalous convective
flow is directed away from the surface or towards it in accordance with the sign of
the helicity density. Therefore, in a laminar plane vortex flow the mechanism of
lifting or settling of an admixture exists due to the reflection noninvariance of the
homogeneous isotropic turbulence.
The consideration presented above demonstrates an importance of taking into ac-
count the property of reflection noninvariance of the turbulence when studying the
effects of turbulent transport. Astrophysical and geophysical phenomena with a
very large range of scales can provide the existence of the effects arising due to
anomalous convective processes.
4 Results
In the paper we study the transport of a passive admixture in a helical (reflectionally
noninvariant) turbulence with a weakly inhomogeneous mean flow.
1. With the use of multiscale formalism a closed equation is obtained which describes
the transport of passive admixture in such a turbulence.
2. The dependence of the turbulent diffusivity tensor on the mean flow velocity is
obtained.
3. It is shown that a new effect arises in this turbulence, namely, the anomalous con-
vective transport. This effect comes in the same order as the turbulent diffusion.
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4. It is demonstrated that the direction of the anomalous convective flow does not
coincide with the direction of the mean flow. Natural physical cases are presented
when the direction of the anomalous flow is perpendicular to the direction of the
mean flow.
5. It is proved that the violence of reflection invariance of the turbulence possessing a
weakly inhomogeneous flow manifests itself just in the appearance of the anomalous
convective transport.
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